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LGi cam on

Trong qua trinh hoc tap va lam luan van tac gia luon nhan duge sy dong
vién, khuyén khich va tao diéu kién giup do nhiét tinh ctia cic cap lanh dao,
clia cic thay gido, co gido anh chi em, ban bé dong nghiép va gia dinh.

Véi tinh cdm chan thanh tac gid bay to long biét on sau sic téi:

Khoa Toan-Tin va Phong Dao tao, Truong Dai hoc Khoa hoc, Dai hoc
Thai Nguyén, cac thay, co gido tham gia gidng day cung cap nhiing kién thic
giup tac gia trong qua trinh hoc tap va nghién ciu.

Dic biet, tdc gid xin bay té long biét on sau sic t6i PGS. TS Ha Tran
Phuong, ngudi truc tiép huéng dan khoa hoc da tan tinh chi bao, gitp da,
gop v dé tac giad hoan thanh luan van nay.

Tac gia xin cam on lanh dao S6 Gido duc va Dao tao Tuyén Quang, Ban
Giam hiéu Truong Pho thong Dan toc Noi tra THPT tinh Tuyén Quang ciing
v6i nhitng ngudi than, ban be dong nghiép da tan tinh gitp dé tao dicu kien
thuan loi cho tac gia trong qué trinh hoc tap, nghién cttu va hoan thién luan
van.

D da rat nghiém ttc va c¢o gang thie hién luan van nay, nhung véi trinh
do han ché cuing nhiéu 1y do khac, luan van chic chan khong tranh khoi
nhitng khiém khuyét nhat dinh. Kinh mong su gép ¥ ciia cac thay co dé luan
van nay dudc hoan chinh.

Tac gia



MG dau

Cho k,n 1a cac s6 tu nhién n > 1, ta ki hiéu
P(n) =1"+2"+ .+ (n—1)" +n",

1a tong cac lily thita bac k ctia céc s6 nguyén duong lien tiép tit 1 dén n. Viec
nghién citu cong thic tinh tong va cac tinh chat ctia tong trén da thu hit
dugce sut quan tam ctia nhiéu tac gia. Thoi tré, khi nghién ctu tong nay, nha
toan hoc Gauss da tim ra mot cong thitc cho Pi(n) bang phuong phap don
gidn 13 thém s6 hang dau tién vao sd hang cudi cling, s hang thit hai vao s6
hang cudi ciing tht hai vi v.v.... Ong tinh dugc

Pl(n):%n(rﬁ—l).

RAt tiéc phuong phép don gian ctia Gauss lai khong thuc hién duge véi tong
binh phuong, lap phuong, v,v.... Vé sau c¢6 nhiéu nha toan hoc khac xay
dyng céc cong thiic tinh tong liy thita cdc s6 tu nhién lien tiép Pi(n) va
nghién citu mot s6 tinh chat ctia Py(n), diac biét tinh chat nhan tit. Trc la
cac tac gia da ching minh dai luong n (n + 1) (2n 4 1) 1a thita s6 cta P (n)
néu k 1a s6 chiin 16n hon hoic bing 2 va dai lugng n?(n + 1)2 14 thira s6 cia
Py (n) néu k 1a s6 1é 16n hon hodc bang 3. (xem [1], [3],...).

Nam 2013, A. S. Dzhumadil’daev va D. Yeliussizov da nghién citu tong liy
thita cac hé s6 nhi thiic 1a mot mé rong tu nhién cta tong liy thita ciia cac
sO tur nhién lién tiép. Trong bai bao dé cac tac gid ciing da ching minh ducge
mot s6 tinh chat clia tong liy thita nay, dic biét 1a tinh chat nhan ti giéng
nhu tinh chat clia tong lity thita ctia céc sé tu nhien lién tiép.

Véi muc dich trinh bay lai mot s6 két qua nghién cttu ve tinh chat nhan tit

clia tong lity thita céc s6 nhi thic v mot truong hop diic biét 1a tong lily cac
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s6 tu nhién lien tiép, ching t6i chon dé tai "Tinh chit nhan t& ciia téng
lity thira cac s6 nguyén". Luan van gom hai chuong:

Chuong 1 : Tong liy thiwa cic so tu nhién lién tiép. Trong chuong nay
chiing toi trinh bay mot s6 kién thitc mé dau vé tong liiy thita clia cac s
tur nhién lién tiép, cong thic tinh tong Py (n) va gi6i thidu tinh chat nhan ti
ctia Py.(n) bang hai phuong phap: quy nap va st dung tinh chat ctia da thic
Bernoulli.

Chuong 2: Tong liy thia cia cdic hé sé nhi thic. Trong chuong nay ching
to6i trinh bay lai mot s6 két qua nghién cttu ciia A. S. Dzhumadil’daev va D.
Yeliussizov ([3]) vé tinh chat biéu dién da thic, tinh chat nhan ti, tinh chét
chia hét tong lity thita cia cac hé sé nhi thic.



Chuong 1

Tong liy thira cac sé tuw nhién lién

tiép

1.1 Coéng thiic tinh tong liy thita P.(n)

1.1.1 M3 dau vé tong liay thira ctia cac sb tu nhién lién tiép
Cho k,n la cac s6 nguyén khong am. V6i k,n > 1, ta ki hieu
P(n) =1"+2" 4+ .+ (n—1)" +n",

14 tong céac liy thita bac k clia cac s6 nguyéen duong lien tiép tit 1 dén n.
Quy uée Pp(0) = 0 v6i moi k > 0 va Py(n) = n véi moi n > 0, khi d6 ta
sé ¢6 Pr(n) v6i k,n 1a cac sd nguyén khong am. Do P(0) = 0 va Py(n) =n
v6i moi k,n nén doéi véi tong Py(n) ta chii yéu chi quan tam xem xét trong
truong hop k,n > 1.

Ta c6

Pn)=142+.4+n—1)4+n=n+n—-1)+..+2+1,

2Pi(n)=n+1)+n+1)+..+(n+1)=n(n+1)

VvV
n lan

Kéo theo 1
P (n) = §n(n+1).
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Rat tiéc, phuong phap don gidn va tu nhién nay lai khong st dung dugce khi
tinh tong binh phuong, lap phuong, v,v. ...

C6 nhiéu cach khac nhau dé tinh tong Py(n), chang han: dy doan cong
thiic sau d6 chiing minh cong thiic bang phuong phap quy nap toan hoc hoic
st dung k¥ thuat rat gon, trong dé kj thuat rat gon la kha hitu hiéu. Ky
thuat rat gon c6 y tudng duge xuat phat tit viéc tinh tong

n—1
1 1 1 1 1 1 1
12 237 32" +(n—1).n ;(k k+1) n

Jakob Bernoulli da ciing da dung y tudng nay vao viéc chiing minh tinh phan
ky ctia chudi dieu hoa % + % + % + ...

St dung k¥ thuat rat gon trong viéc tinh tong liiy thita cac sd nguyén
duong ta c6 két qué:
Ménh dé 1.1 ([8]). Cho n,k la cic s6 tu nhién. Khi dé tong liy thua bac k
cia cdc so tu nhién lién tiép ti 0 dén n dude tinh truy hoi bdi cong thic

Py(n)=n
k+1
Py (n) = /%1 ((n I N (k ! 1) Prors () ) (1.1)

Chiing minh. Hién nhién khi k& = 0 cong thic ding. Ta xét k > 0, ap dung
khai trién nhi thitc Newton déi véi (n + 1)+ ta co

L/
(TL + 1)k+1 . nk+1 — (k + 1)nk + Z ( >nk+l7’.
r=2 r
Thay thé lién tuc n & cong thic trén béin — 1,n — 2,...,2,1 va sau do6 ta

cong cac vé tuong tng ciia cac dang thic da cé, ta sé thu dugce:

k1
(n+1D"'—1=(k+1)P; (n) + Z (k j: 1) Pii1-r(n).

r=2
Diéu nay kéo theo

k+1

(k+1)Pe(n)=(n+ 1) —1-3" (k j 1) Priy (n), (1.2)

r=2



hay

r=2

Py (n) = %H ((n + 1)1 — Z (k j: 1) Pry1-r(n) )

Meénh dé dude ching minh. ]

Nhan xét 1.2. Thuyc hién quy nap cong thitc theo (1.1) ta nhan thay Py (n)
14 mot da thic ctia n bac k + 1 v6i moi s6 tu nhién k vé6i hé s6 cta liy thita

cao nhat 1a ki“
Vi du 1. Tinh téng 1% + 22 4 ... + n?.
Theo cong thitc truy hoi ta co

3Py(n)=(n+1)*—1— Z <i> Ps_,(n)

r=2

=n’ +3n® +3n — (g) Pi(n) — Py(n).

n(n+1)

Tu Py(n) =n, Pi(n) = ta co

2n3 +3n +n  nn+1)2n+1)

Vi du 2. Tinh tong 13 + 23 + ... + n3.
Tt cong thiic truy hoi ta c6

4Py(n) = (n+1)* — 1 — Z <4> Ps_.(n)

r=2 r

4 4
= n* +4n> + 6n% + 4n — <2> Py(n) — (3) Pi(n) — Py(n).
n(n+1) n(n+1)2n+1)
2
Cnt42nd4n? ni(n+1)
Bl 4 4

Tu Py(n) =n, Pi(n) = ; Py(n) = ta c6

P3 (n)



1.1.2 Cong thic tinh Py(n)

Trong phan nay ching toi trinh bay mot két qua ve viéc xay dung cong thiic
tinh tong cic liy thita cac sd tit nhién lién tiép Py(n).

Dinh ly 1.3 ([1]). Cho n,k la nhiing s6 nguyén duong. Khi dé

k+1

Pi(n) = Zasns, (1.3)

trong do
1
gyl = —
k41 k+ 1’
k+1-—s .
o= L > (et IR
st o (7+ D!
vii 0 < s <k+1.
Chting minh. Ta c6
Py (n):Zsk:1k+2k+...+nk; (1.4)
s=1
n—1
Pe(n—1)=) s"=1"42"+ 4+ (n-1)F (1.5)
s=1
Do do6
Pk(n) —Pk(n— 1) :nk.
” X g nn+1) = )
Ta thay Py(n) = n la da thic bac nhat; Pi(n) = — 1a mot da thic

bac hai. St dung cong thite (1.1) ta suy ra Py (n) la mot da thiic bac (k+1)

v6i moi s6 tu nhién k. Do dé ta c6 thé bieu dién Py(n) nhu sau:

2 2 k1
Py (n) = ain + agn” + ... + apn” + apn”,

trong d6 a1, as, ...ax, aj41 1a cac hing so.

Bay gio ta tinh toan cac hé s6 aq, as, ..., ar+1. Ta viét a, dudi dang

as = fs(k) (seN, 0<s<k+1).



Ta co
k+1
= Z asn’
s=1
k+1
(n—1) Z as(n — 1
Do do

k1 k+1
P.(n)— P, (n—1) Zas Zas(n—l)‘s:
s=1
Khai trién ting s6 hang trong tong trén (n — 1)* ta c6

trong do
bs = f (k,a1,a9,...;a5,ar:1) (0<s<k+1).

Dieéu nay kéo theo by =0 (s # k) con by = 1. Vi ay,aq, ..., ax, ar+1 14 hing
s6 nén by duge viét dudi dang f(k), trong d6 k 1a s6 tu nhien da biét. Ta c6

k41 k41

Z asn’— Z as(n —1)" =

s=1 s=1

k+1

Z asn® = ain + asn® + ... + apntL
s=1

Ta phan tich

k+1
Zas(n —1)=ai(n—1) +an—1724 ...+ app(n — 1)

=ai(n — 1) +aa(n® + —2n+ 1) + az(n® — 3n* + 3n — 1)

k(k —1)n*2 _)

2

1 k—1
+ak+1(nk+1—(k‘+1)nk+(k+ 2)kn —>

+°-'—i—ak(nk—knk_1+




